Introduction
The purpose of this article is to show that most hyperelliptic curves over Q have no rational points. By a hyperelliptic curve over Q, we mean here a smooth, geometrically irreducible, complete curve C over Q equipped with a fixed map of degree 2 to P 1 defined over Q. Thus any hyperelliptic curve C over Q of genus g can be embedded in weighted projective space P(1, 1, g + 1) and expressed by an equation of the form C :
where n = 2g + 2, the coefficients f i lie in Z, and f factors into distinct linear factors overQ. Define the height H(C) of C by H(C) := H(f ) := max{|f i |}.
Then we prove:
Theorem 1 As g → ∞, a density approaching 100% of hyperelliptic curves over Q of genus g possess no rational points.
More precisely, let ρ g denote the lower density of hyperelliptic curves over Q of genus g, when ordered by height, that have no rational points. Then ρ g → 1 as g → ∞. In fact, we prove that ρ g = 1−o(2 −g ), so the convergence to 1 is quite rapid. Theorem 1 may thus be viewed as a "strong asymptotic form of Faltings' Theorem" for hyperelliptic curves over Q.
Since, by the work of Poonen and Stoll [34] , for each g ≥ 1 a density of at least 80% of hyperelliptic curves of over Q of genus g are locally soluble-i.e., have a point locally at every place of Q-we obtain: Corollary 2 As g → ∞, a density approaching 100% of locally soluble hyperelliptic curves over Q of genus g fail the Hasse principle.
Indeed, we obtain the same estimate of 1 − o(2 −g ) on the lower density ρ ′ g of locally soluble hyperelliptic curves over Q of genus g that fail the Hasse principle.
Our strategy to prove Theorem 1 is to relate rational points on hyperelliptic curves to elements of the representation Z 2 ⊗ Sym 2 Z n of GL n (Z). We view an element v of Z 2 ⊗ Sym 2 Z n as a pair (A, B) of symmetric n × n matrices with entries in Z. Then an element g ∈ GL n (Z) acts on (A, B) by the formula g · (A, B) = (gAg t , gBg t ). To such a pair v = (A, B), we may associate a binary form f v of degree n, given by f v (x, y) = (−1) n/2 det(Ax − By).
The coefficients of f v in fact generate the ring of polynomial invariants for the action of GL n (Z) on Z 2 ⊗ Sym 2 Z n (see, e.g., the work of Schwarz [38] ). We thus call f v the invariant binary n-ic form associated to v ∈ Z 2 ⊗ Sym 2 Z n . The orbits of GL n (Z) on Z 2 ⊗ Sym 2 Z n were first considered in the case n = 2 by Hardy and Williams [25] and more generally by Morales [29, 30] . A classification of the orbits in the cases n = 2 and n = 3, in terms of ideal classes in quadratic and cubic rings, was given in [1] and [2] , while a complete classification for general n in terms of module classes of rings of rank n was given by Wood [47] .
The key algebraic construction that allows us to prove Theorem 1 and Corollary 2 is the utilization of a rational point on a hyperelliptic curve (1) to produce an element v ∈ Z 2 ⊗ Sym 2 Z n such that f v = f . That is, a rational point on the hyperelliptic curve z 2 = f (x, y) allows us to construct an integral orbit for the action of GL n (Z) on Z 2 ⊗ Sym 2 Z n whose invariant binary n-ic form is equal to f ! On the other hand, we show by geometry-of-numbers arguments that, for most integral binary n-ic forms f , there do not exist any such integral orbits with invariant binary form equal to f . These two facts together will then yield Theorem 1 (and hence also Corollary 2) .
The construction in fact allows us to study not just rational points on the curves C, but also elements of what is called the "fake 2-Selmer set" of C, in the terminology of Bruin and Stoll [15] ; this set also has its origins in the works of Cassels [17] and Poonen and Schaefer [33] . The fake 2-Selmer set Sel (2) fake (C/Q) of C : z 2 = f (x, y) is a certain finite subset of K × /(K ×2 Q × ), where K is the Q-algebra defined by Q[x]/(f (x, 1)) if f 0 = 0 (see [15, §2] or §5 for more precise definitions). Geometrically, the fake 2-Selmer set corresponds to a set of equivalence classes of two-covers of C, which have points everywhere locally, such that each rational point of C lifts to a rational point on at least one of these two-covers [15, §3] . In particular, the emptiness of Sel (2) fake (C/Q) guarantees the nonexistence of points on C.
To get a handle also on the fake 2-Selmer set, we show that not just rational points on C : z 2 = f (x, y) but also general elements of the fake 2-Selmer set can be used to construct an orbit of GL n (Z) on Z 2 ⊗ Sym 2 Z n having invariant form f . Applying the above-described counting methods, we are then able to determine an upper bound on the average size of the fake 2-Selmer set of hyperelliptic curves over Q of genus g; this upper bound decays exponentially in g. Specifically, we prove:
Theorem 3 The (limsup of the) average size of the fake 2-Selmer set of hyperelliptic curves over Q of genus g is o(2 −g ).
This result thus allows us to pinpoint the obstruction to having rational points on the curves occurring in Theorem 1. Indeed, the geometric interpretation of the fake 2-Selmer set of C means that if Sel (2) fake (C/Q) is empty, then there are no locally soluble 2-coverings of C. As shown by Skorobogatov [40] , using the descent theory of Colliot-Thélène and Sansuc [18] , such a "2-covering obstruction" yields a case of the Brauer-Manin obstruction. We therefore obtain:
Corollary 4 As g → ∞, a density approaching 100% of hyperelliptic curves over Q of genus g have empty Brauer set, i.e., have a Brauer-Manin obstruction to having a rational point.
Our method of proof also enables us to prove more precise statements for individual genera in Theorem 1, Corollary 2, Theorem 3, and Corollary 4. Indeed, we prove that, for each g ≥ 1, a positive proportion of locally soluble hyperelliptic curves over Q of genus g have no rational points and thus fail the Hasse principle; moreover, this failure is explained by the Brauer-Manin obstruction. The proportion of locally soluble hyperelliptic curves failing the Hasse principle in this way is shown to be greater than 10% for genus 1 curves, and greater than 50% for genus 2 curves; meanwhile, once the genus is at least 10, the corresponding proportion exceeds 99%.
We note that analogues of Theorem 1 have also been proven recently for certain special families of hyperelliptic curves, namely, those with a marked rational Weierstrass point (such curves have models of the form z 2 = f (x) where f is an odd degree polynomial) and those with a marked rational non-Weierstrass point (these curves have models of the form z 2 = f (x) where f is a monic even degree polynomial). In joint work with Gross [6] , we proved that the average size of the 2-Selmer group of the family of hyperelliptic curves with a marked rational Weierstrass point is 3. By developing a beautiful refinement of the method of Chabauty, Coleman, and McCallum [28] , Poonen and Stoll [35] use this result on Selmer groups to show that a positive proportion of odd degree hyperelliptic curves z 2 = f (x) of genus g ≥ 3 have only one rational point, namely, the Weierstrass point at infinity; moreover, this proportion tends to 1 as g → ∞. The corresponding positive proportion statement for g = 1 was proven in [10] , while the case g = 2 remains open.
In [39] , Shankar and Wang develop analogues of these methods to show that the average size of the 2-Selmer group for the family of hyperelliptic curves with a marked rational non-Weierstrass point is 6, and that a positive proportion of monic even degree hyperelliptic curves z 2 = f (x) of genus g ≥ 10 have only two rational points, namely the two marked rational non-Weierstrass points at infinity; again, the proportion tends to 1 as g → ∞.
The methods of this paper fit into a larger context. As in [9, 10, 8, 6, 39] , the problem at hand involves, in particular, counting the number of stable integral orbits of bounded height in a suitable coregular representation. A coregular representation is a representation for which the ring of invariants is a free polynomial ring. As we have mentioned, the representation C 2 ⊗ Sym 2 C n of SL n (C) is coregular as well, but it differs from the representations occurring in prior works in an important way, namely, it does not possess a Kostant section (in particular, it does not arise in Vinberg's theory of theta groups). In other words, the map from our representation to the tuple of generating invariants does not have a section defined over Z. As a result, sometimes certain values of the invariants do not occur in this representation over Z (or over Q). This is in essence what allows us to show that many curves possess no rational points.
On the other hand, the study of such a representation without a Kostant section presents a number of new and interesting challenges, both algebraically and analytically. For example, algebraically, the orbits with given invariants (even after imposing local conditions) do not form a group in any natural way, unlike all previous cases mentioned above. Indeed, the relevant set of orbits having given invariants may be empty, or it may naturally form a torsor for a group; see [7] for further discussion of the algebraic structure of orbits in representations of this type. Analytically, as far as counting orbits, there are again a number of new features and difficulties that must be overcome in the geometry-of-numbers arguments to handle the cuspidal regions of the relevant fundamental domains; the main differences are caused by the fact that there is no one primary cuspidal region containing the Kostant section, which was a key feature in previous cases. This paper represents the first time that the stable integral points of bounded height have been counted in a coregular representation having no Kostant section. We suspect that these new counting, and related sieve, techniques may be useful in the context of other such representations, which in turn may be useful for proving the nonexistence of other arithmetic objects.
The space Z 2 ⊗ Sym 2 Z n , as we have mentioned, may be viewed as the space of pairs of n-ary quadratic forms (A, B), and any such pair (A, B) spans a pencil of quadrics in P n−1 . The geometric relation between pencils of quadrics and hyperelliptic curves, at least over C, was studied by Reid [36] , Desale and Ramanan [36] , and Donagi [24] , while the scenario over a general field was studied by Wang [44] . From this point of view, it is indeed very natural to consider the representation Z 2 ⊗Sym 2 Z n over the integers to study the arithmetic of hyperelliptic curves. In the forthcoming work [7] , we take this viewpoint considerably further, and study the relation between the orbits of this representation and hyperelliptic curves, over general fields and over Z, in more detail. This will allow us to extract much additional arithmetic information of interest about general hyperelliptic curves, such as the average size of the "fake 2-Selmer group", points over extensions, and more. We will mention some of these forthcoming results in Section 5. This paper is organized as follows. In Section 2, we give an explicit construction of an integral orbit in our representation from a rational point on a hyperelliptic curve. The construction has a natural interpretation in terms of the work of Wood [46] on rings and ideals associated to integral binary n-ic forms, and we also describe this interpretation. In Section 3, we then use Wood's results to classify orbits of the above representation over a general base field k. In particular, we closely study the case where k is the field of real numbers or is a finite field, and we determine those orbits that can arise from a k-rational point on a hyperelliptic curve via the construction of Section 2.
In Section 4, we then count the total number of integral orbits on Z 2 ⊗ Sym 2 Z n having an irreducible invariant binary n-ic form of bounded height. The counting methods used build on those in [3] , as well as those in our joint work with Shankar [9] , Ho [8] , and Gross [5] , although as mentioned earlier the current scenario also has some new features in the cusps that must be dealt with. With the latter counting result in hand, in Section 5 we then show via a sifting argument that most binary n-ic forms f cannot have the type of integral orbit constructed in Section 2, thereby completing the proof of Theorem 1. We also use analogous arguments to study the fake 2-Selmer set, thus proving Theorem 3. Finally, in Section 6, we work out details of some cases of small genus, allowing us to prove for each g ≥ 1 that a positive proportion of locally soluble hyperelliptic curves of genus g have no rational points.
2 Construction of an integral orbit associated to a rational point on a hyperelliptic curve
be an binary n-ic form over Z having nonzero discriminant and nonzero leading coefficient f 0 , and let
, where θ denotes the image of x in the Q-algebra K f . Then we may associate to f a Z-module R f in K f having basis 1, ζ 1 , ζ 2 , . . . , ζ n−1 , where
It is a theorem of Birch and Merriman [13] that Disc(f ) = Disc(R f ), and furthermore it is a theorem of Nakagawa [31, Prop. 1.1] that R f is actually a ring of rank n over Z and thus an order in K f ;
Here, Sym 2 Z n denotes the Z-module of symmetric n × n matrices having entries in Z. Again, the way to recover a pair (A, B) of symmetric n × n matrices from a triple (I, α) is by taking the coefficients of ζ n−1 and ζ n−2 in the image of the map
in terms of the Z-basis of I.
With these preliminaries in hand, we now turn to the question of when there exists a pair (A, B) ∈ Z 2 ⊗ Sym 2 Z n of symmetric n × n matrices over Z having a given binary n-ic form f as its invariant form. If n is odd, then it always exists: we simply take the element (A, B) in Z 2 ⊗ Sym 2 Z n corresponding to the pair (I (n−3)/2 f , 1). Here, we use the fact that
). Now let n be even. Then the above construction of a square root of I n−3 f does not work. However, we now show how one can construct a pair of n × n symmetric matrices over Z having invariant form f using a rational point on the hyperelliptic curve z 2 = f (x, y). First, suppose that we have a symmetric orbit with invariant form f corresponding to the pair
N(I)) yields a rational point on z 2 = f (x, y). Next, suppose that (x 0 , y 0 , c) is a rational point on z 2 = f (x, y). By scaling the coordinates of this point appropriately, we may assume that x 0 and y 0 are integral and relatively prime. Using this point (x 0 , y 0 , z 0 ) on z 2 = f (x, y), we construct an element of Z 2 ⊗ Sym 2 Z n having invariant form f as follows. First, using an SL 2 (Z)-transformation γ on f , we may assume that (x 0 , y 0 ) = (0, 1), so that f n = c 2 . (Indeed, if we produce an element (A, B) in Z 2 ⊗ Sym 2 Z n yielding this new f as its invariant form, then applying γ −1 to (A, B) will produce the desired element yielding the original f ) . Now set α = θ, and note that θI
Let I = c, θI
Then one easily checks using (4) that
, and furthermore
Thus the pair (I, α) gives a point in Z 2 ⊗ Sym 2 Z n with invariant form f , corresponding to our integral point (0, 1, c) on
The explicit pair (A, B) ∈ Z 2 ⊗ Sym 2 Z n we have constructed above corresponding to the integral point (0, 1, c) on z 2 = f (x, y) is given by
for n = 4; and by
for n = 6. For general n, we have
In each case, we have
giving the desired pair (A, B) of symmetric matrices over Z with invariant form f associated to the integral point (0, 1, c) on
If we use SL ± n to denote the subgroup of GL n consisting of elements of determinant ±1, then since the action of SL ± n on Z 2 ⊗ Sym 2 Z n preserves the invariant binary n-form, our construction above yields an entire SL ± n (Z)-orbit of elements in Z 2 ⊗ Sym 2 Z n having invariant from f associated to a rational point on z 2 = f (x, y). However, the above construction of an orbit in
, where x 0 and y 0 are relatively prime, could depend a priori on the choice of element γ ∈ SL 2 (Z) taking (x 0 , y 0 ) to (0, 1). We claim that the SL n (Z)-orbit that we have constructed is in fact well defined and independent of this choice of γ.
To see this, note that the stabilizer {γ ∈ SL 2 (Z) : (0, 1) · γ = (0, 1)} consists of elements of the form γ = a b c d where a = d = 1 and c = 0. For a given value of b ∈ Z, the orbit constructed from the solution (0, 1,
and
Due to the isomorphism (7), the pair (I ′ , θ ′ ) for R f ′ corresponds to the pair
for R f . Now
so (12) becomes simply (I, θ). We concude that the SL n (Z)-orbit arising from γ · f is the same as that coming from f . Finally, note that changing c to −c in all these constructions also corresponds to a change of basis in SL ± n to the basis of I. In summary, the SL ± n (Z)-orbit that we have constructed is independent of the particular SL 2 (Z)-transformation used to send (x 0 , y 0 ) to (0, 1) and depends only on the integral solution (x 0 , y 0 , ±z 0 ) to z 2 = f (x, y).
Finally, we note that all the definitions, constructions, and arguments we have given in this section apply equally well when working over a general principal ideal domain D in place of Z; we must simply change every occurence of "Z", "integral", and "rational" with "D", "D-", and "k-", respectively, where k denotes the quotient field of D. In particular, the proofs of Theorems 5 and 6 with these changes carry over with essentially no change. (With modified, though somewhat more subtle, statements, Wood in fact proves versions of these theorems over any base scheme; see [47] .) Also, via the same constructions, to any
, where f is a binary n-ic form over D and x 0 and y 0 are relatively prime in D (i.e., generate the unit ideal), we may associate a well-defined SL
n having invariant binary form f . The latter construction of an orbit from a solution (x 0 , y 0 , ±z 0 ) over D, where x 0 and y 0 are relatively prime, can in fact be carried out over any ring D, using the general explicit formula for (A, B).
Orbits over fields
We now examine more carefully the orbits of
n over a general field k. We will be particularly interested in the arithmetic fields k = R and k = F p . For any field k, we may still speak of the invariant binary n-ic form f over k associated to an element of V (k) and the associated k-algebra K f = R f of dimension n over k (which are constructed in the identical manner).
Classification of orbits over a general field
Over a field k, we have that elements of k 2 ⊗ Sym 2 k n having a given separable invariant binary n-ic form f with nonzero leading coefficient f 0 correspond to equivalence classes of pairs (I, α), where I is a based ideal of K f such that I 2 = αI n−3 f as ideals and
). Since k is a field, ideals I in K f are all equal to K f , and so we may drop I from the data and simply retain its basis. Thus we see that elements of k 2 ⊗ Sym 2 k n parametrize pairs (B, α), where B is a basis of K f , α ∈ K f , and
, up to the equivalence:
The changes of basis on B that preserve N(B)
2 , and thus the condition N(B)
, are precisely the elements of G(k), leading to our action of
(which is thus well-defined up to a factor of −1 under the action of G(k)), we then see that
, where
is that of the pair (A, B) of symmetric n × n matrices whose entries are given by taking the coefficients of ζ n−1 and ζ n−2 in the image of the map
where B is any basis of
. From this description, we then observe that a change of basis to B, via an element of SL ± n (k), that preserves the multiplication table (13) corresponds to multiplying the basis B by an element κ ∈ K × f such that κ 2 = 1. We summarize this discussion as follows:
n having a given separable invariant binary nic form f over k with nonzero leading coefficient f 0 are in canonical bijection with elements of
We may now ask which orbits, when viewed as elements of
is given by the class of θ, where θ denotes as before the root of f (x, 1) that is used to define R f = K f via (4).
Let us next determine the element of (K
x 0 y 0 , and r and s are any constants in k such that rx 0
It follows that the set of G(k)-orbits corresponding to a k-rational point P = (x 0 : y 0 : z 0 ) ∈ P(1, 1, n/2) on the hyperelliptic curve C :
, defined by sending (x 0 : y 0 : z 0 ) to the class of y 0 θ − x 0 , is the well-known "x − T " map of Cassels!
Orbits over R
We may use Theorem 7 to classify the G-orbits over R having a given separable invariant binary n-ic form f over R. If f is negative definite, then there are no orbits of G(R) on V (R) having invariant binary form f (since the norms from K f ∼ = C n/2 to R are all positive, while the leading coefficient of f is negative).
Otherwise, suppose f is not negative definite and has 2m real roots (m ∈ {0, . . . , n/2}). By an SL 2 -change of basis, we may assume that the leading coefficient
given by 1 if m = 0, and otherwise is 2 2m−1 . Namely, these elements correspond to the possible patterns of 2m signs of the images of these elements in R 2m , subject to the condition that the number n − of minus signs satisfies (−1) n − = sgn(f 0 ). Thus, by Theorem 7, if f is not negative definite and has 2m real roots, then there are ⌈2 2m−1 ⌉ orbits of G(R) on V (R) having invariant binary form f . Moreover, the stabilizer in G(R) of such an orbit is isomorphic to
Orbits over F p
Next, we turn to the orbits of G(F p ) on V (F p ) having a given separable invariant binary n-ic form f over F p with nonzero leading coefficient f 0 . Suppose that f (x, y) factors into irreducible polynomials
It follows that the number of G(F p )-orbits on V (F p ) having invariant binary form f is 2 m−1 if p = 2 and is 1 otherwise. Moreover, the stabilizer in G(F p ) of such an orbit is isomorphic to K × f [2] , which in turn is isomorphic to (Z/2Z) m if p = 2 and is trivial otherwise. That is, if p = 2, then the number of G(F p )-orbits yielding a given separable f is always equal to half the size of the stabilizer. In particular, when p = 2, the total number of elements in V (F p ) having given separable invariant binary form f is #G(F p )/2 = #SL n (F p ), independent of f . On the other hand, since the number of orbits is equal to the size of the stabilizer when p = 2, the total number of elements in V (F 2 ) having given separable invariant binary form f is #G(F 2 ), which is again equal to #SL n (F 2 ).
Thus, for any p, the total number of elements in V (F p ) having given separable invariant binary form f with nonzero leading coefficient f 0 is given by #SL n (F p ).
The densities of local orbits coming from rational points on hyperelliptic curves
Let P denote the union of the G(Z)-orbits of all elements in V (Z) that come from rational points on hyperelliptic curves via the construction in Section 2; similarly, for each place ν of Q, let P ν denote the union of the G(Z ν )-orbits of all elements in V (Z ν ) that come from Q ν -rational points on hyperelliptic curves via the construction in Section 2. Then P ⊂ P ν for all ν. In this subsection, we study the subset of
We consider first ν = ∞. Let f be a binary n-ic form over R with 2m real roots that is not negative definite. We wish to know how many of the ⌈2 2m−1 ⌉ nondegenerate orbits of G(R) on V (R) can arise from a rational solution to z 2 = f (x, y) via the construction of Section 2. If m = 0, then clearly there is only one such orbit. If m ≥ 1, then by a linear change of variable on the binary form f if necessary, we may write
h j (x), where f 0 < 0, the g i 's are monic linear, and the h j 's are irreducible monic quadratic polynomials over R. We order the g i 's by increasing order of their roots in R. Then any point on the hyperelliptic curve C : z 2 = f (x, y) can be expressed as (a : 1 : c) where a, c ∈ R. The real orbit (via the construction of Section 2) arising from the solution (a, 1, c) to z 2 = f (x, y) has corresponding pattern of signs + · · · + − · · · −, where the number of initial plus signs is given by the number of g i 's having roots smaller than a. There are thus exactly m possible patterns of signs where the number of minus signs is odd. The negatives of these patterns of signs also can arise, by considering instead the solutions (−a, −1, c) of
Next, we turn to P p for a finite prime p = 2. LetP p denote the image of P p in V (F p ). Suppose f is a (not necessarily separable) binary n-ic form over F p having m distinct irreducible factors over F p . If f is separable, then we have seen that there are
Thus at most 2k orbits of G(F p ) on V (F p ) having invariant binary form f can lie inP p . By construction, the cardinality of the stabilizer of an element in any one of these orbits is at least |K f [2]| = 2 m , and is exactly 2 m if f is separable. Noting that for a binary form f over Q p and a nonresidue u modulo p, not both f and uf can take square values at a given point (a, b). Hence, for each m, we may use k 0 = (p + 1)/2 as an upper estimate for k on average. Let I p (m) denote the set of binary n-ic forms modulo p having m distinct irreducible factors. It follows that the p-adic density of
We have not justified the factor of #SL n (F p ) in the case where the binary form f is not separable with k > 2 m−1 , but the correctness of this factor can be deduced also in this case by working over Q p and Z p instead of F p , as will be explained in Section 5. Since nonseparable forms over F p occur with density only O(1/p), this issue will not have any noticeable effect on our eventual application anyhow, so we do not get into too much detail on this point.
To obtain a bound on P 2 , it is not effective to work modulo 2, because all integers are squares modulo 2! So we work instead over Z/8Z. LetP 2 denote the image of P 2 in V (Z/8Z). Suppose f is a binary n-ic form over Z/8Z having a factorization with m distinct irreducible factors over Z/2Z. Then the number of elements in R
. Noting that at most one of f , 3f , 5f , and 7f can take a square value at a given point (a : b), we see that we may use k 0 = 12/4 = 3 as an upper estimate for k on average. Let I 8 (m) denote the set of binary n-ic forms modulo 8 having a factorization with m distinct irreducible factors modulo 2. It follows that the 2-adic density of P 2 in V (Z 2 ) is at most 
Counting the number of orbits of bounded height
Recall that we write hyperelliptic curves C of genus g over Q in the form
where n = 2g+2 and f is nondegenerate, i.e., f factors into distinct linear factors overQ (equivalently, f is squarefree or the discriminant ∆(f ) of f is nonzero). We define the height H(C) of C by
The number of such hyperelliptic curves C (or integral binary forms f ) having height less than X is thus ∼ (2X) n+1 . For a ring T , let G(T ) := SL ± n (T ) and G ′ (T ) := GL n (T ), and set
In this section, we wish to determine the number of nondegenerate G(Z)-orbits on V (Z) having height less than X. We will prove the following theorem:
Theorem 8 There exists a positive constant κ such that the number of nondegenerate G(Z)-orbits on
We will show that the statement of Theorem 8 also remains true if "nondegenerate" is replaced by "irreducible"; in other words, the number of reducible orbits of height less than X is negligible. Since the total number of integral binary forms of height at most X is ∼ 2 n+1 X n+1 , Theorem 8 implies that the average number of G(Z)-orbits on V (Z) having a given invariant form f , over all nondegenerate integral binary forms f , is bounded by a constant (depending only on n).
Construction of fundamental domains
In this subsection, we construct convenient fundamental domains for the action of G(Z) on the set of nondegenerate elements of V (R). In the next subsection, we will then count the number of points in V (Z) in these fundamental domains having bounded height, proving Theorem 8, which will then allow us to prove Theorem 1 in Section 5.
To describe our fundamental domains explicitly, we put natural coordinates on V . Namely, V may be identified with the n(n+1)-dimensional space of pairs of symmetric matrices. For (A, B) ∈ V , we use a ij and b ij to denote the (i, j) entries of A and of B, respectively; thus the a ij and b ij (1 ≤ i ≤ j ≤ n) form a natural set of coordinates on V .
Fundamental sets for the action of
By the discussion in §3.2, we may naturally partition the set of elements in V (R) with ∆ = 0 into n/2 m=0 ⌈2 2m−1 ⌉ components, which we denote by V (m,τ ) for m = 0, . . . , n/2 and τ = 1, . . . , ⌈2 2m−1 ⌉. For a given value of m, the component V (m,τ ) in V (R) maps to the component I(m) of the space of binary n-ic forms in R n+1 having nonzero discriminant and 2m real roots. The parameter τ runs over all assignments of signs ± to the 2m real roots, subject to the condition that the number of − signs is odd or even in accordance with whether the leading coefficient of the invariant binary n-ic form is negative or positive. We have seen that the stabilizer in G(R) (or G ′ (R)) of an element v in V (m,τ ) has size 2 n/2+m . We first construct fundamental sets L (m,τ ) for the action of G ′ (R) on {(A, B) ∈ V (m,τ ) } that consist of elements of height 1 and are bounded sets in V (R). We begin with the case when m = n/2. In this case, we claim that we can take L (m,τ ) to consist of pairs (A, B) of diagonal matrices. Indeed, any binary n-ic form in I(m) has n roots in P 1 (R), say r i = (µ i : λ i ). We may normalize µ i , λ i so that λ i > 0, |µ i |, λ i ≤ 1 and at least one of |µ i |, λ i equals 1. We then put a total ordering on such elements (µ i : λ i ) in P 1 (R) lexicographically. We may then assume that r 1 < · · · < r n with respect to this ordering.
Given such a sequence r 1 < · · · < r n in P 1 (R), where r i = (µ i : λ i ) as above, we construct a pair (A, B) of n × n real symmetric matrices, where A is the diagonal matrix (ǫ 1 λ 1 , . . . , ǫ n λ n ) and B is the diagonal matrix (ǫ 1 µ 1 , . . . , ǫ n µ n ), where each ǫ i = ±1. Note that det(Ax − By) then has roots r 1 , . . . , r n in P 1 (R). The set of all such matrices (A, B), over all such sequences r 1 ≤ · · · ≤ r n , forms a compact set and all elements in this set have nonzero height, by construction. In particular, the heights of all such pairs of symmetric n × n matrices are bounded above and are bounded below away from zero. Thus if we scale all such pairs (A, B) to have height 1, over all r 1 < · · · < r n in P 1 (R), we are still in a bounded set, which we denote by L(m).
Now each binary n-ic form f ∈ I(m) with nonzero leading coefficient f 0 and height 1 occurs as the invariant binary n-ic form of exactly 2 n−1 = 2 2m−1 elements (A, B) in L(m), corresponding to the possible choices of ǫ 1 , . . . , ǫ n such that ǫ 1 · · · ǫ n = sgn(f 0 ). Moreover, these 2 2m−1 choices of (A, B) lie in distinct G ′ (R)-orbits, as they yield the 2 2m−1 possible patterns of signs in K f ∼ = R 2m . So all the G ′ (R)-orbits on V (R) having invariant binary n-ic form equal to f are represented in L(m). Thus, when m = n/2, for each τ we may simply take L (m,τ ) := L(m) ∩ V (m,τ ) , and this gives our desired bounded fundamental set for the action of G ′ (R) on V (m,τ ) consisting of elements of height 1. We may proceed in a similar manner when m < n/2. Any binary n-ic form in I(m) has 2m real roots and n/2 − m pairs of complex conjugate roots, for a total of n/2 + m roots r 1 , . . . , r 2m and r 2m+1 , . . . , r n/2+m in P 1 (R) and the upper half plane of P 1 (C), respectively. We assume again that r 1 < · · · < r 2m . Furthermore, we may assume that (r 2m+1 , . . . , r n/2+m ) lies in a fundamental domain for the action of the symmetric group S n/2−m on the product of n − m upper half planes minus all the diagonals. For all i, let us write again r i = (µ i : λ i ), where λ i > 0, |µ i |, λ i ≤ 1 and at least one of |µ i |, λ i equals 1. Also, given a complex number z = x + y √ −1, set ψ(z) = x y −y x . Then we may consider all matrices (A, B) where A is the block diagonal matrix
and B is the block diagonal matrix (ǫ 1 µ 1 , . . . , ǫ 2m µ 2m , ψ(µ 2m+1 ), . . . , ψ(µ n/2+m )) where again each ǫ i = ±1. Then the binary n-ic form det(Ax − By) has the desired roots r 1 , . . . , r 2m and r 2m+1 , . . . , r n/2+m in P 1 (R) and the upper half plane, respectively. The set of all such matrices (A, B) , over all such sequences r 1 , . . . , r n/2+m , again lie in a bounded set where the heights of all such pairs of symmetric n × n matrices are bounded above and bounded below away from zero. If we now scale all such pairs (A, B) to have height 1, over all r 1 , . . . , r n/2+m , we obtain a bounded set, which we denote by L(m). We again set L (m,τ ) := L(m) ∩ V (m,τ ) .
Fundamental sets for the action of G
In [14] , Borel and Harish-Chandra construct a natural fundamental set F in G ′ (R) for the left action of
. This set F may be expressed in the form
where N ′ (t) is an absolutely bounded measurable set, which depends on t ∈ T ′ , of unipotent upper triangular real n × n matrices; the set T ′ is the subset of the torus of diagonal matrices with positive entries given by
. . .
where t n = (t 1 · · · t n−1 ) −1 ; K is a maximal compact real subgroup of G(R); and Λ = {λ > 0} acts on V (R) by scaling. In the above, c denotes an absolute positive constant. (Note that t i /t i+1 for i = 1, . . . , n − 1 form a set of simple roots for our choice of maximal torus T in G ss = SL n ⊂ G.) It will be convenient in the sequel to parametrize T ′ in a slightly different way. Namely, for m = 1, . . . , n, we make the substitution
Then we may speak of elements s = (s 1 , . . . , s n−1 ) ∈ T ′ as well, and the conditions on s for s = (s 1 , . . . , s n−1 ) to be in T ′ is simply that, for some constants c k > 0, we have s k > c k for all k = 1, . . . , n − 1.
Fundamental sets for the action of G(Z) on V (R)
For any h ∈ G ′ (R), by the previous section we see that F hL (m,τ ) is the union of 2 n/2+m−1 fundamental domains for the action of G(Z) on V (m,τ ) ; here, we regard F hL (m,τ ) as a multiset, where the multiplicity of a point x in F hL (m,τ ) is given by the cardinality of the set {g ∈ F : x ∈ ghL (m,τ ) }. Thus, as explained in [9, §2.1], a G(Z)-equivalence class x in V (m,τ ) is represented in this multiset σ(x) times, where σ(x) = #Stab G(R) (x)/#Stab G(Z) (x). Since the stabilizer always contains negative the identity in G(Z), we see that σ(x) is always a number between 1 and 2 n/2+m−1 .
, let N(S; X) denote the number of G(Z)-equivalence classes of elements (A, B) ∈ S satisfying H(A, B) < X. Then we conclude that, for any h ∈ G ′ (R), the product 2 n/2+m−1 · N(S; X) is exactly equal to the number of integer points in F hL (m,τ ) having height less than X, with the slight caveat that the (relatively rare-see Proposition 14) points with G(Z)-stabilizers of cardinality 2r (r > 1) are counted with weight 1/r.
As mentioned earlier, the main obstacle to counting integer points of bounded height in a single domain F hL (m,τ ) is that the relevant region is not bounded, but rather has cusps going off to infinity. We simplify the counting in this cuspidal region by "thickening" the cusp; more precisely, we compute the number of integer points of bounded height in the region F hL (m,τ ) by averaging over lots of such fundamental regions, i.e., by averaging over the domains F hL (m,τ ) where h ranges over a certain compact subset G 0 ∈ G ′ (R). The method, which is an extension of the method of [3] and [9] , is described next.
Counting irreducible integral points of bounded height
In this section, we derive asymptotics for the number of G(Z)-equivalence classes of nondegenerate elements of V (Z) having bounded invariants. We also describe how these asymptotics change when we restrict to counting only those elements in V (Z) that satisfy any specified finite set of congruence conditions. Let V (m,τ ) (m = 0, . . . , n/2, τ = 1, . . . , ⌈2 2m−1 ⌉) denote as before the various components of V (R) of elements having nonzero discriminant. (Recall that the component V (m,τ ) in V (R) maps to the component I(m) of binary n-ic forms in R n+1 having nonzero discriminant and 2m real roots, and the parameter τ runs over all assignments of signs ± to the 2m real roots, subject to the condition that the number of − signs is odd or even in accordance with whether the leading coefficient of the invariant binary n-ic form is negative or positive.) Let
Then in this section we prove the following theorem:
let N(S; X) denote the number of G(Z)-equivalence classes of nondegenerate elements (A, B) ∈ S satisfying
Averaging over fundamental domains
Let G 0 be a compact left K-invariant set in G ′ (R) that is the closure of a nonempty open set and in which every element has determinant greater than or equal to 1. Then for any m, τ , we may write
where we use L as shorthand L (m,τ ) . The denominator of the latter expression is an absolute constant C (m,τ ) G 0 greater than zero. More generally, for any G(Z)-invariant subset S ⊂ V (Z) (m,τ ) , let N(S; X) denote the number of nondegenerate G(Z)-orbits in S having height less than X. Then N(S; X) can be similarly expressed as
We use (18) to define N(S; X) even for sets S ⊂ V (Z) that are not necessarily
For a given x ∈ S, there exist a finite number of elements g 1 , . . . , g k ∈ G(R) satisfying g j x L = x. We then have
As dh is an invariant measure on G, we have
Therefore,
where dg is a Haar measure on G ′ (R). Explicitly, we have
where du is an invariant measure on the group N of unipotent upper triangular matrices in G(R), and where we normalize the invariant measure dθ on K so that K dθ = 1. Let us write E(u, s, λ, X) = usλG 0 L ∩ {x ∈ V (m,τ ) : H(x) < X}. As KG 0 = G 0 and
The expression (23) for N(S; X) will be of use frequently in the sections that follow.
An estimate from the geometry of numbers
To estimate the number of lattice points in E(u, s, λ, X), we have the following proposition due to Davenport [20] . Although Davenport states the above lemma only for compact semi-algebraic sets R ⊂ R n , his proof adapts without significant change to the more general case of a bounded semi-algebraic multiset R ⊂ R n , with the same estimate applying also to any image R ′ of R under a unipotent triangular transformation.
Estimates on reducibility
In this subsection, we describe the relative frequencies with which reducible and irreducible elements sit inside various parts of the fundamental domain F hL, as h varies over the compact region G 0 .
We begin by providing a simple condition which guarantees that a point in V (Z) has discriminant zero.
Lemma 11
Let (A, B) ∈ V (Z) be an element such that, for some k ∈ {1, . . . , n/2}, the top left k × (n − k) blocks of entries in A and B are equal to 0. Then Disc(Det(Ax − B)) = 0.
Proof: If the top left k × (n − k) blocks of A and B are zero, then Ax 0 − By 0 (for any x 0 , y 0 ∈ C) may be viewed as a block anti-triangular matrix, with square blocks of length k, n − 2k, and k respectively on the anti-diagonal. Furthermore, the two blocks of length k will be transposes of each other. There then must be a multiple Ax 0 of A and By 0 of B such that Ax 0 − By 0 has the property that one and thus both of these square blocks of length k are singular. It follows that (x 0 , y 0 ) is a double root of Det(Ax − By) in P 1 , yielding Disc(Det(Ax − By)) = 0, as desired.
We are now ready to give an estimate on the number of elements (A, B) ∈ F hL ∩ V (Z), on average, satisfying H(A, B) < X and a 11 = b 11 = 0: Proposition 12 Let h take a random value in G 0 uniformly with respect to the Haar measure dg.
Then the expected number of elements
Proof: Let U denote the set of all n(n + 1) variables a ij and b ij corresponding to the coordinates on V (Z). Each variable u ∈ U has a weight, defined as follows. The action of s = (s 1 , . . . , s n−1 ) · λ on (A, B) ∈ V causes each variable u to multiply by a certain weight which we denote by w(u). These weights w(u) are evidently rational functions in λ, s 1 , . . . , s n−1 . Explicitly, we have
In particular, note that u∈U w(b) = λ n(n+1) . For variables u, u ′ ∈ U, we write w(u) ≤ w(u ′ ) if w(u) has equal or smaller exponents for all parameters λ, s 1 , . . . , s n−1 . We write w(u) < w(u ′ ) if w(u) ≤ w(u ′ ) and w(u) = w(u ′ ). Let U 0 ⊂ U be any subset of variables in U containing a 11 and b 11 . We now give an upper estimate on the total number of (A, B) ∈ F hL (m,τ ) ∩ V (Z) such that all variables in U 0 vanish, but all variables in U \ U 0 do not. To this end, let V (U 0 ) denote the set of all such (A, B) ∈ V (Z). Furthermore, let U 1 denote the the set of variables having minimal weights w(u) among the variables u ∈ U \U 0 (we say that u has "minimal weight" in U \U 0 if there does not exist any variable u ′ ∈ U \U 0 satisfying w(u ′ ) < w(u)). As explained in [3] , given U 1 , it suffices to assume that U 0 in fact contains all variables in u ∈ U such that w(u) < w(u 1 ) for some u 1 ∈ U 1 .
In that case, if U 1 contains any variable a ij or b ij with i + j > n, then any element (A, B) ∈ V (U 0 ) will be reducible by Lemma 11. Thus, we may assume that all variables a ij and b ij ∈ U 1 satisfy i + j ≤ n. In particular, there exist variables γ 1 , . . . , γ n−1 ∈ U 1 such that, for all i ≤ n/2, we have
Since w(a i,n−i ) = w(b i,n−i ) = w(a n−i,i ) = w(b n−i,i ), we may take γ i = γ n−i for i = 1, . . . , n/2.
For each subset U 0 ⊂ U as above, we wish to show that N(V (U 0 ); X), as defined by (23), is
is absolutely bounded, the equality (23) implies that
where c ′ > 0 is an absolute constant guaranteeing that E(u, s, λ, X) has points of height at least 1 and σ(V (U 0 )) denotes the number of integer points in the region E(u, s, λ, X) that satisfy the conditions
By our construction of L, all entries of elements (A, B) ∈ G 0 L are uniformly bounded. Let C be a constant that bounds the absolute value of all variables γ ∈ U 1 over all elements γ ∈ G 0 L. Then, for an element (A, B) ∈ E(u, s, λ, X), we have |γ| ≤ Cw(γ) (27) for all variables γ ∈ U 1 ; therefore, the number of integer points in E(u, s, λ, X) satisfying γ = 0 for all γ ∈ U 0 and |γ| ≥ 1 for all γ ∈ U 1 will be nonzero only if we have
for all weights w(γ) such that γ ∈ U 1 . Thus if the condition (28) holds for all weights w(γ) corresponding to γ ∈ U 1 , then-by the definition of U 1 -we will also have Cw(γ) ≫ 1 for all weights w(γ) such that γ ∈ U \ U 0 . In particular, note that we have
for all k = 1, . . . , n − 1. Therefore, if the region B = {(A, B) ∈ E(u, s, λ, X) : γ = 0 ∀γ ∈ U 0 ; |γ| ≥ 1 ∀γ ∈ U 1 } contains an integer point, then (28) and Proposition 10 together imply that the number of integer points in B is O (Vol(B) ), since the volumes of all the projections of u −1 B will in that case also be O (Vol(B) ).
Now clearly
Vol
so we obtain
We wish to show that the latter integral is bounded by O ε (X n+1−1/n+ε ) for every choice of U 0 . If, for example, the total exponent of s k in (30) is nonpositive for all k in {1, . . . , n − 1}, then it is clear that the resulting integral will be at most O ε (X (n(n+1)−|U 0 |)/n+ε ) in value, since each s k is bounded above by a power of X by (29) . We will show below that this condition holds, e.g., when a 1,j and b 1,j are both in U 1 for some j ≤ n/2.
For cases where this nonpositive exponent condition does not hold, we observe that, due to (29), the integrand in (30) may be multiplied by the absolute value π of any product of the variables γ k (k = 1, . . . , n − 1) without harm, and the estimate (30) will remain true. Extend the notation w multiplicatively, i.e., w(γδ) = w(γ)w(δ). Then it suffices to choose an appropriate weighted product π of variables γ 1 , . . . , γ n/2 in U 1 such that: (1) #π < #U 0 (where #π denotes the total number of variables of U appearing in π, counted with multiplicity), and (2) w(π)w( γ∈U \U 0 γ)
has nonpositive exponent of s i for all i ∈ {1, . . . , n − 1}. Indeed, if we have such a π, then applying the inequalities (27) to each of the variables in π yields
By our assumptions on π, this then gives the desired estimate
We now choose such a π for each candidate U 0 ⊂ U. As mentioned earlier, we claim that we may simply take π = 1 if a 1j and b 1j are both in U 1 for some j ≤ n/2. Indeed, in such a case, U 0 is contained in the set U ′ of all variables a ij , b ij such that j < n/2. We then note that for each k, the sum of the exponents of s k in w(γ), over all γ ∈ U ′ where the exponent of s k in w(γ) is negative, is equal to
It follows that, for any U 0 ⊂ U ′ , we have
has nonpositive exponent of s i for all i ∈ {1, . . . , n − 1}. Hence we may take π = 1 for all U 0 ⊂ U ′ , as claimed.
It remains to consider the situations where at least one of a 1,n/2 and b 1,n/2 is in U 0 . In such a case, we take
The assumption that at least one of a 1,n/2 or b 1,n/2 is in U 0 guarantees that every γ i occurs in π to a nonnegative power. Since one easily checks that
and we wish to check that the exponent of s i in (32) is nonpositive for all i. Now the exponent of
is nonnegative for all i by construction. It follows that, for every i, the maximum value of the exponent of s i in (32) is achieved when U 0 = U − , where U − consists of all variables a ij and b ij where i+j < n. In this case, one easily checks that the exponent of s i in (32) is equal to
which has nonpositive exponent of s i for all i ∈ {1, . . . , n − 1}. This completes the proof of Proposition 12.
We now give an estimate on the number of reducible elements (A, B) ∈ F hL ∩ V (Z), on average, satisfying a 11 = 0 or b 11 = 0:
Proposition 13 Let h ∈ G 0 be any element. Then the number of reducible elements (A, B) ∈ F hL (m,τ ) ∩ V (Z) such that H(A, B) < X and a 11 = 0 or b 11 = 0 is o(X n+1 ).
Proposition 13 implies the claim made after Theorem 8, namely, that Theorem 8 remains true even if "nondegenerate" is replaced by "irreducible". We defer the proof of Proposition 13 to the end of the section. By Theorem 7, the stabilizer in G(Q) of an element v ∈ V (Q) has size greater than the minimum possible size 2 precisely when the invariant binary n-ic form f v is reducible. Proposition 13 thus also implies the following result which bounds the number of G(Z)-equivalence classes of integral elements in F hL (m,τ ) with height less than X that have large stabilizers inside G(Q):
Proposition 14 Let h ∈ G 0 be any element. Then the number of elements (A, B) ∈ F hL (m,τ ) ∩ V (Z) such that H(A, B) < X whose stabilizer in G(Q) has size greater than 2 is o(X n+1 ).
The main term
Fix again m, τ and let L = L (m,τ ) . The work of the previous subsection shows that, in order to obtain Theorem 9, it suffices to count those integral elements (A, B) ∈ F hL of bounded height for which a 11 = 0 or b 11 = 0, as h ranges over G 0 .
Let R X (hL) denote the region F hL ∩ {(A, B) ∈ V (R) : H(A, B) < X}. Then we have the following result counting the number of integral points in R X (hL), on average, satisfying a 11 = 0 or b 11 = 0:
Proposition 15 Let h take a random value in G 0 uniformly with respect to the Haar measure dg. Then the expected number of elements (A, B) ∈ F hL ∩ V (Z) such that |H(A, B)| < X and a 11 = 0 or
Proof: Following the proof of Proposition 12, let V (m,τ ) (∅) denote the subset of V (R) such that a 11 = 0. We wish to show that
We have
where σ(V (∅)) denotes the number of integer points in the region E(u, s, λ, X) satisfying |a 11 | ≥ 1.
Evidently, the number of integer points in E(u, s, λ, X) with |a 11 | ≥ 1 can be nonzero only if we have
Therefore, if the region B = {(A, B) ∈ E(u, s, λ, X) : |a 11 | ≥ 1} contains an integer point, then (35) and Proposition 10 imply that the number of integer points in B is Vol(B) + O(Vol(B)/w(a 11 )), since all smaller-dimensional projections of u −1 B are clearly bounded by a constant times the projection of B onto the hyperplane a 11 = 0 (since a 11 has minimal weight).
Therefore, since B = E(u, s, λ, X) − E(u, s, λ, X) − B , we may write
The integral of the first term in (36) is h∈G 0 Vol(R X (hL))dh. Since Vol(R X (hL)) does not depend on the choice of h ∈ G 0 , the latter integral is simply C
To estimate the integral of the second term in (36) , let B ′ = E(u, s, t, X) − B, and for each |a 11 | < 1, let B ′ (a 11 ) be the subset of all elements B ∈ B ′ with the given value of a 11 . Then the (n(n + 1) − 1)-dimensional volume of B ′ (a 11 ) is at most O u∈U \{a 11 } w(b) , and so we have the estimate
The second term of the integrand in (36) can thus be absorbed into the third term.
Finally, one easily computes the integral of the third term in (36) to be O(X n+1−1/n ). We thus obtain
As the identical argument applies when b 11 = 0, this completes the proof.
Propositions 12, 13, 14, and 15 now yield the first assertion of Theorem 9. To obtain the second assertion, we must compute the volume Vol(R X (L)).
Computation of the volume
Fix again m, τ . In this subsection, we describe how to compute the volume of R X (L (m,τ ) ).
and K are as defined in the paragraph before (15)).
The set R (m,τ ) is in canonical one-to-one correspondence with the set {(f 0 , . . . , f n ) ∈ I(m)}, where I(m) again denotes the component of the space of binary n-ic forms in R n+1 having nonzero discriminant and 2m real roots. There is thus a natural measure on each of these sets R (m,τ ) , given by dr = df 0 · · · df n . Let ω be a differential which generates the rank 1 module of top-degree differentials of G over Z. We begin with the following key proposition, which describes how one can change measure from dv on V to ω(g) dr on G × R:
Proposition 16
Let K be C, R, or Z p for any prime p. Let dv be the standard additive measure on V (K). Let R be an open subset of K n+1 and let s : R → V (K) be a continuous function such that the invariants of s(f 0 , . . . , f n ) are given by f 0 , . . . , f n . Then there exists a rational nonzero constant J (independent of K, R, and s) such that, for any measurable function φ on V (K), we have
where we regard G(K) · s(R) as a multiset.
The proof of Proposition 16 is identical to that of [9, Prop. 3.11 ] (where we use the important fact that the dimension n(n+1) of V is equal to the sum of the degrees of the invariants f 0 , . . . , f n for the action of G on V ). Proposition 16 may now be used to give a convenient expression for the volume of the multiset R X (L (m,τ ) ):
We now show that |J | = 2 n . It suffices to evaluate |J p | for each p. Fix a binary n-form φ over F p that is irreducible and has leading coefficient 1. Let S ⊂ V (Z p ) be the set of elements whose invariant binary n-form reduces to φ modulo p. Then
where Aut Zp (v) denotes the stabilizer of v in G(Z p ) and Z p n denotes the unique local ring of rank n over Z p having residue field F p . On the other hand, since S is defined by congruence conditions modulo p, by the results of §3.3, we have
Equating the two expressions for Vol(S), we obtain
Therefore, J = 2 n . We have proven Theorem 9.
Congruence conditions
In this subsection, we prove the following version of Theorem 9 where we count elements of V (Z) satisfying some finite set of congruence conditions: Theorem 17 Suppose S is a subset of V (Z) defined by congruence conditions modulo finitely many prime powers. Then
where µ p (S) denotes the p-adic density of S in V (Z).
To obtain Theorem 17, suppose S is defined by congruence conditions modulo some integer m. Then S may be viewed as the union of (say) k translates L 1 , . . . , L k of the lattice m · V (Z). For each such lattice translate L j , we may use formula (23) and the discussion following that formula to compute N(S; X), but where each d-dimensional volume is scaled by a factor of 1/m d to reflect the fact that our new lattice has been scaled by a factor of m. For a fixed value of m, we thus obtain
Summing (44) over j, and noting that km −n(n+1) = p µ p (S), yields Theorem 17.
and this tends to 0 rapidly as n → ∞. Indeed, the archimedean factor is O(2 n/2 ), while the factor at 2 is O(2 −n ), and this immediately gives that (46) is at most O(2 −n/2 ), or O(2 −g ). We can improve this estimate by noting that even after removing 2 n/2 and 2 −n from the factors at infinity and 2, respectively, the sums that appear for each prime in (46) individually tend to 0 as n tends to infinity. Indeed, the main results of [21] , which show in particular that the density of real polynomials having fewer than log n/ log log n real zeroes is O(n −b+o(1) ) for some b > 0, immediately imply that the archimedean sum above is bounded by O(n −δ/ log log n ) for some δ > 0. Next, we observe that the sum at the prime p can be bounded by O(p/ √ n) (provided p is at most a small fixed power of n) using the results of [16] on the distribution of the number of factors of polynomials over finite fields. Multiplying this bound over all primes p less than a small power of n is then enough to bound the product of the sums in (46) by O(e −δ 1 n δ 2 ) for some positive constants δ 1 and δ 2 . We conclude in particular that (46) 
for some δ 1 , δ 2 > 0.) It follows that the lower density ρ g of hyperelliptic curves over Q of genus g, when ordered by height, having no rational points is at least 1 − o(2 −g ). We have proven Theorem 1 and the remarks following it.
We may refine the estimate (46) further by working over Q p rather than F p , following the methods of [9] . Although this does not significantly improve the estimates we have already described above as g → ∞ for Theorem 1 and Corollary 2, such a refinement can be useful conceptually and also for understanding individual genera. We sketch the method here. To carry this out, we first observe that the results of [7] imply that two rational points P and P ′ on the hyperelliptic curve C :
via the construction of Section 2 if and only if they differ by an element of 2Jac(C)(Q). The stabilizer in SL n (Q) of elements in such orbits are closely related to Jac(C) [2] (Q). By assigning local weights to the integral orbits appropriately, as in [9] , so that each Q p -rational point on C, up to translation in 2Jac(C)(Q p ), gets counted with a weight of 1/Jac(C)(Q p ) [2] , we may then improve the estimate (46) to
here, by "C(Q ν )/2Jac(C)(Q ν )", we mean the set C(Q ν ) modulo equivalence, where two points of C(Q ν ) are called equivalent if they differ by an element of 2Jac(C)(Q ν ). In fact, analogous to the calculations in [9] , this expression gives an upper bound on the density of hyperelliptic curves of genus g over Q having rational points among those hyperelliptic curves that are locally soluble, i.e., locally have a point at every place. (Of course, all other non-locally-soluble hyperelliptic curves automatically have no rational point!). Again, expression (46) gives a convenient way to estimate the more precise (47) in practice, although we will have occasion to use (47) directly as well, e.g., when analyzing the case of genus one in more detail in the next section.
Let us turn next to the consequences of the above estimates for the fake 2-Selmer sets of hyperelliptic curves. For a field k and a hyperelliptic curve C : z 2 = f (x, y) over k, let us use ξ k to denote the map taking k-solutions of
, as defined in Sections 2 and 3. Then when reduced modulo k × , this yields the famous "x − T " map of Cassels [17] , which is written as
For a number field k and a place ν of k, let ρ ν : H k → H kν denote the natural map. Then Bruin and Stoll [15] define the fake 2-Selmer set of C/k by Sel (2) fake (C/k) := {α ∈ H k : ρ ν (α) ∈ µ kν (C(k ν )) for all places ν of k}.
In particular, Sel
Examples
In this section, we work out some cases of small genus to give an idea of what can be obtained for individual genera. In particular, we show that for all g ≥ 0, a positive proportion of hyperelliptic curves of genus g over Q have no rational points, and for g ≥ 1, a positive proportion fail the Hasse principle due to the Brauer-Manin obstruction.
Genus 0
We start by examining more closely the case of genus 0. In this case, for an an odd prime p, we note that a binary quadratic form in x and y over Z p that is SL 2 (Z p )-equivalent to one of the shape ux 2 + p(bx + cy)y modulo p, where c ≡ 0 (mod p) and u is a nonresidue, does not represent any square in Z p . The p-adic density of such binary quadratic forms over Z p is (p − 1) 2 /(2p 2 ). Therefore, the estimate (46) in the case of g = 0 (n = 2) may be improved to
This gives an upper bound on the density of hyperelliptic curves (1) of genus 0, when ordered by height, that have a rational point. Since the product (48) converges to 0, it follows that 0% of genus 0 curves z 2 = ax 2 + bxy + cy 2 , when ordered by max{|a|, |b|, |c|}, have a rational point. Since genus 0 curves satisfy the Hasse principle, all such genus 0 curves without a rational point fail to have a rational point due to not having a point locally at some place.
Genus 1
The first interesting and more nontrivial case of Theorem 1 occurs when g = 1 (i.e., n = 4). In this case, the representation we have been considering is essentially the same as the one considered in [11] , although we are using here the action of a different group, SL ± 4 , instead of a quotient of a form of GL 2 × SL 4 . The locally soluble orbits of the representation of SL 2 (Q) × SL 4 (Q) on V (Q) = Q 2 ⊗Sym 2 Q 4 parametrize elements of the 4-Selmer groups of elliptic curves. The SL 2 (Q)-equivalence class of the invariant binary quartic form f v of such an element v ∈ V (Q) gives a genus 1 hyperelliptic curve C v : z 2 = f v (x, y) and corresponds to a 2-Selmer element of E v = Jac(C v ), namely, the double of the 4-Selmer element of E v associated to v. If the elliptic curve E v is expressed in Weierstrass form as y 3 = x 3 + A v x + B v , then A v and B v give the two independent invariants of this representation of SL 2 (Q) × SL 4 (Q) on V (Q). See [19] or [8] for details on these parametrizations.
When only SL ± 4 (Q) (or SL 4 (Q)) is acting on our representation V (Q), then the coefficients of the invariant binary quartic form, rather than A v and B v , generate the ring of polynomial invariants. Hence the 2-Selmer element of the elliptic curve E v corresponding to the locally soluble curve C v : z 2 = f v (x, y), rather than the Jacobian elliptic curve E v , is used to give a complete set of invariants for this representation. This is the essential difference between the orbits of the actions of the two groups on V (Q). Now the fake 2-Selmer set of a locally soluble genus one hyperelliptic curve C is naturally in bijection with the set of 4-Selmer elements of Jac(C), modulo the action of the involution on C, whose double yields the 2-Selmer element of Jac(C) associated to C. We have shown that the expression (47) gives an upper bound on the average size of this fake 2-Selmer set as one ranges over all locally soluble genus one hyperelliptic curves C ordered by height. Using the same sieve methods discussed in [11] , we can show that this upper bound is in fact also a lower bound! In the case of genus one, the quantity in (47) is easily seen to equal 1, because the product over all places of #(Jac(C)(Q ν )/2Jac(C)(Q ν )) #Jac(C) [2] (Q ν )
is equal to 1 (indeed it is equal to 2 −g for ν = ∞, 2 g for ν = 2, and 1 for all other primes; see, e.g., [5, Lemma 12.3] ). This leads to:
Theorem 19
The average size of the fake 2-Selmer set of locally soluble genus one curves z 2 = f (x, y) over Q, when ordered by height, is 1.
Note that this fact alone is (just barely) not sufficient to prove that a positive proportion of the genus one curves (1) fail the Hasse principle! Indeed, a priori it is possible that 100% of the 2-Selmer sets of locally soluble genus one curves C : y 2 = f (x) have size 1, and that all such curves have a rational point. This would mean that the 4-Selmer groups of the Jacobians of 100% of these curves C contain exactly two order 4 elements (switched by the involution of C) which form a homogeneous space for the 2-Selmer group of Jac(C). In particular, this would mean that the 2-Selmer groups of 100% of these locally soluble curves C have size exactly 2.
To show that this leads to a contradiction, we use the following trick from [10] . Namely, we first prove:
Theorem 20 A positive proportion of locally soluble genus one curves C : z 2 = f (x, y) have Jacobian E with root number +1.
The analogue of this theorem is proven in [10] for Weierstrass elliptic curves y 2 = x 3 +Ax+B ordered by naive height. Theorem 20 can be proven by the same method: one shows exactly as in [10] that for a positive proportion of locally soluble genus one curves C f : z 2 = f (x, y), we have that Jac(C f ) and Jac(C −f ) have opposite root numbers By the theorem of Dokchitser and Dokchitser [23] , if Jac(C) has root number +1 for a genus one curve C, then the 2-Selmer rank of Jac(C) must be even and so, in particular, the size of the 2-Selmer group of Jac(C) cannot be 2. Therefore, a positive proportion of genus one curves C : z 2 = f (x, y) have size of 2-Selmer set not equal to 1. By Theorem 19, it follows that a positive proportion of genus one curves z 2 = f (x, y), when ordered by height, fail the Hasse principle.
Theorem 21
A positive proportion of genus one curves z 2 = f (x, y) over Q, when ordered by height, fail the Hasse principle (i.e., they have points everywhere locally but do not have any global rational points).
Genus ≥ 2
Let us now examine expression (47) in the case of genus g ≥ 2. As in the case of genus 1, we note that if we were to replace C(Q ν ) by Jac(C)(Q ν ) in the numerators (of the numerators!) in (47) , it would then evaluate to 1. It follows that (47) is less than or equal to 1, i.e., the average size of the 2-Selmer set of locally soluble hyperelliptic curves of genus g over Q is less than or equal to 1 for any genus ≥ 2. Now this average value could equal 1 if and only if the archimedean factor in (47) was equal to 2 −g , the factor at 2 was equal to 2 g , and all other factors were equal to 1. Thus to show that the average size (47) of the 2-Selmer set of hyperelliptic curves over genus g is less than 1, it suffices to show that the factor in (47) at any one place ν has size less than the corresponding maximum size (2 −g for ν = ∞, 2 g for ν = 2, or 1 otherwise). This is in fact true already for the infinite place once the genus is at least 2. Indeed, we may write the factor at infinity in (47) 
Note that for g = 1, the latter expression is equal to 1, because max{1, 2m}/2 m = 1 for m = 0, 1, and 2, and n/2 m=0 µ(I(m)) = 1 by definition. However, once g ≥ 2, the scenario m = 3 occurs with positive probability (i.e., µ(I(3)) > 0), and this is enough to show that (49) is strictly less than 2 g once g ≥ 2. A similar argument shows that the factors at other primes are also less than 1 once g ≥ 2 (and indeed more primes contribute and more significantly as g gets larger).
We conclude:
Theorem 22
For each g ≥ 1, a positive proportion of curves z 2 = f (x, y) of genus g over Q, when ordered by height, fail the Hasse principle (i.e., they have points everywhere locally but do not have any global rational points) due to the Brauer-Manin obstruction.
It would be interesting to work out explicit positive lower bounds on the proportions occurring in Theorem 22 by evaluating (47) more precisely for various small values of g. A rough estimate shows that the proportion in Theorem 22 exceeds 50% already once g ≥ 2, and exceeds 99% once g ≥ 10.
See [15, §10] for some remarkable computations that comfortably corroborate these conclusions in the case g = 2.
